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Abstract:In this paper, | proved a common fixed point theorem of four maps in a complete
Menger space using compatible maps of type(A) and continuity.
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1. Introduction
The notion of Probabilistic Metric Space (or Statistical Metric Space) was initially
introduced by Menger [5] in 1944, which is a generalization of metric space. The idea in
probabilistic metric space is associated with a distribution function assigned to a pair of
points, say (X, y), denoted by F ,(t) where t > 0 and is interpreted as the probability that
distance between x and y is less than t, whereas in the metric space the distance function is
a single positive number. Schweizer and Sklar [7] gave some basic results in this space.
Many authors observed that contraction condition in metric space may be exactly
translated into PM-Space endowed with minimum norm. A generalization of Banach
contraction principle in Menger space is given by Sehgal and Bharucha [8]. Some basic
definitions and theorems in Menger space which are used for proving the main result are as
follows.
Definition 1.1 [7] “Let A:[0,1] x [0,1] — [0, 1] be a mapping. Then A is said to be a
triangular-norm ( briefly, t-norm) if for all o, B, y € [0,1],

(i) Ao, 1) =0, A0,0) =0;

(i) Ao, ) = AR o);

(iii) Ao, B) = A(y, d)fora=>vy, B=

(iv)  A(o, B), v) = Aa, A, 1))
Example 1.2 [7] “The four basic t-norms are as follows:

(i)  The minimum t-norm: Ay (a, B) = min{a, B}.

(ii)  The product t-norm: A , (o, B) = of.

(iii)  The Lukasiewicz t-norm: Vi (o, ) = min { o +  — 1, 0}.

(iv)  The weakest t-norm, the drastic product:
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306 =[5 e,
We have the following ordering in the above stated norms:
Ap< AL < Ap< Ay.”
Definition 1.3 [7] “A mapping F : R —R* is a distribution function if it is left continuous
and non-decreasing with inf F(x) = 0 and sup F(x) = 1 for all real x.”
We shall denote the set of all distribution functions by £ whereas # (t) be the Heaviside

distribution function defined as

_ (0, ift<o0
}[(t)_{l, ift > 0.

Definition 1.4 [6] “The ordered pair (¥, F) is called a PM space if X be a
non-empty set and F: K X K — L be a mapping satisfying:
(p1) Fy(t) =1forallt>0,ifandonly ifx =y;

(p2) Fy(0) =0;

(p3) Fy(®) =Fx(®);
(ps) Fy() =1land F, ,(s) =1,then % ,(t+s) =1,

forallx,y,zinXK and t,s=>0.

Every metric space can always be realized as a probabilistic metric space by putting the
relation F,,(t) = H(t—d (x,y)) forallx,yinX.”
Definition 1.5 [6] “The ordered triplet (¥, F, A) is called a Menger space if (¥, F)is a

probabilistic metric space, A is a t-norm and satisfies for all x,y,z in& andt,s> 0,

(Ps) Foa(t+5) = A Foy (0), F,(5)).”
Definition 1.6 [6] “A sequence {x,} in a Menger space (X, F, A) is said to be:
(i) Cauchy sequence in ¥ if for every ¢ > 0 and A> 0, we can find a positive
integer N, satisfying ,  (€) > 1-A,forall n,m > Ng,.
(i) Convergent at a point x € K if for every e > 0 and A> 0, there exists a

positive integer N, satisfying F, ((e) > 1-A, forall n = N,.”

The space XKis said to becomplete if every Cauchy sequence is convergent in K.
Definition 1.7 [6] “Let S and T be two self-mappings of a Menger space (X, F, A).

Then Sand T are said to be compatible if limFgry 154 (£) = 1 forall
n—oo

t > 0 where {x,} is a sequence in X satisfying

limSx, = limTx, = u, whereu € K.”
n—oo

n—-oo
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Definition 1.8 [10] “Two self-mappings A and S of a non-empty set K are said to be
weakly compatible (or coincidentally commuting) if they commute at their coincidence
points i.e. if Az = Sz for some z € K, then ASz = SAz.”

Theorem 1.9 [10] “If two self-mappings A and S of a Menger space (¥, F, A) are
compatible, then they are weakly compatible.”

Definition 1.10 [2] “Let S and T be two self-mappings of a Menger space (K, F, A).
Then S and T are said to be compatible of type (A) if we can find a sequence {x,} in

Ksatisfying limSx, = limTx, = uwhere u € X andlimFsr, 77 () = land
n—oo n—oo

n—-oo

limTTSXn,SSXn (t) =1 fOI‘ a” t>0.
n—o

Definition 1.11 [2] “Let S and T be two self-mappings of a Menger space (¥, F, A).
Then S and T are said to be compatible of type (B) if we can find a sequence {x,} In

Ksatisfying limSx, = limTx, = uwhere u € KandlimFgsy 114 (t) = 1forallt>0.”
n—ow n—oo n—-oo

Definition 1.12 [1] “Two self-maps S and T of a set K are occasionally weakly compatible
maps (shortly owc) if and only if we can find a point x in K satisfying Sx = Tx and
STx = TSx.”
Theorem 1.13 [3] “Let S and T be compatible maps of type (A) in a Menger space
(X, F, A) and Sx,, Tx, — u for some uin KX . Then
(i) TSx, — SuifS is continuous.
(1)) STu=TSu and Su=Tu if S and T are continuous.”
Theorem 1.14 [11] “Let (¥, ¥, A) be a Menger space. If there exists a constant
ke (0, 1)suchthat ., . (kt) > F . (©) forallx,yinX andt>0,then {x,}isa
Cauchy sequence in X.”
Theorem 1.15 [10] “Let (¥, F, A) be a Menger space. If there exists a constant
k € (0, 1) such that F , (kt) = F, ,(t) forall X,y in X and t>0, thenx =y.”
Theorem 1.16 [10] “In a Menger space(¥, F, A)if A(a, a) > a, for all
a € [0, 1], thenA (a,b) = Min{a, b} fora, b € [0, 1].”
2. Main Result
Theorem 2.1 Let A, S, L and M be self-maps on a complete Mengerspace
(X, F, A) with A(a, a) > a, forall a € [0, 1] and satisfying :
(i) LFE)SSEH)MEK)<SAXK);
(if) the pairs (L, A) and (M, S) are compatible maps of type (A);

(iii) either A or L is continuous;
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(iv) there exists k € (0, 1) such that
Frxmy (KO >Min {Fay 15 (), Fsy my (0, Fsy 14 (1 — aq)t,
Faemy (1 + 0q@t), Fax sy (O},

forall x,y €X ,a€[0,1],q9€ (0,1) andt> 0.

Then A, S, L and M have a unique common fixed point in K .
Proof. Let xo€X . From condition (i) there exists x4, x,€ K such that
Lxo= Sx;=ypand Mx;= Ax,= y;. Inductively, we can make sequences {x,} and {y,} in
¥ suchthat Lxp,= SXpn41= Yz2n@Nd MXon11= AXzni2= Yontt
forn=0,1,2,....
Taking X = x,, and y = x5, 110 (iv), we get
Flxgn Mxznss (KO ZMin {Fay, 1o (0, Fsyy o Mxgnin (00 Fsxona,Lxon (1 — 0@)D),

TAXZnJMX2n+1 ((1 + aq)t)’TAXZn:SX2n+1 (O},
thatis, %, 5., (ROZMin{F,, o (O,F, 5500 O, Fyppy YZn+1((1 + aq)t),

TYZn—LYZn (t)}

=z Min { Y2n-1,¥Y2n (t) Y2n,¥2n+1 (t) Y2n-1,¥2n (t) Y2n,¥2n+1 (tht)}
=z Min { Y2n-1,Y2n (t) Y2n,y2n+1 (t) Y2n,y2n+1 ((th)}
As t-norm is continuous, letting aq — 1 we get

7:'}’an}"2n+1 (kt)z Min { Y2n-1,¥2n (t)' Y2n,¥2n+1 (t) Y2n,¥2n+1 (t)}

= Min { Y2n-1,Y2n (t)’ Y2n,¥2n+1 (t)}
Hence, %, v, ., (k> Min {F,, . (©),F, ,, . (O}
Similarly, F, .\ ysn. KROZMin {F, oo (0, Fpoiiyons, O
Therefore for all n we have

Fraynrs KOZ Min {F, o (O, F, y,,, (O}

Consequently,

Frgnp O=Min (F, o &', F, o KTIO)
Applying the above inequality repeatedly, we get

Frgns O=Min (F, o (KO, F, KO}

Since F, (k™™t)— 1 as m — oo, it follows that

Yn:¥n+1
Fynss KO=AF, o (D} foralln € N and for all x > 0.

Therefore, by Theorem 1.14, {y,} is a Cauchy sequence in %, which is complete.

Hence {y,} — z€ XK . Also its sub-sequences,

{Lx2n}— 7, {Sxzn41}— 7, (2.1)
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{Mxzn11}— z{AX}— z. (2.2)
Case I. When A is continuous, (A)’x,,— Az and ALx,,— Az. Also L and A are
compatible maps of type (A), we have LAx,,— Az.
Take X = Ax,, and y = X,,41 With a =0 in (iv), we get
FLA x99 Mxgp s (KO ZMin {Fp2y a0, Fsxy g Mxgniq (O

Fsxon1LAxan (0 Fazuy Mxgnig (0 Fazey, x5, OF-
Asn — oo, we have
Frz, (k) =2 Min {Fa, 2, (©), Fp (1), Fya, (), Fazr (), Far, (), Fa, (O}
that isFy, , (kt) >Fa, . (1).
Using Theorem 1.15, we obtain
Az=1z (2.3)
Takingx =z and y = x,,41 With o =0 in (iv), we get
FLaMsgn 1 (KO = Min {Fay 12 (6), Fsxyp 1 Mxgnss O Fsxgnirr, (O,
Faz Msaniq (D) Fazsx,, 0, (OF.
Taking n — oo, we get
Fiz,,(kt) 2 Min {F, 1, (O, F,,(0), Fr1, (0. Fr.(0), Fr,, (O},
= Frz.(0).
By Theorem 1.15, we get Lz = z. So,z=Lz = Az
Since L(K ) € S(X ), there exists v € K such that z=Lz = Sv.
Taking X =x,, and y =vwith o =0 in (iv), we get
Frxyymv (KO =Min {Fpye 1o, (0, Fsymy (O, Foy rx,, (O,
Fasyomv (), Fax,. sv(O}
Letting n —oo and using (2.2), we have
Fomv (KE) = Min {F,, (1), Fouy (O, Fpz (O, Fomy (O, F (D}
=Fomv (D).

Therefore, by Theorem 1.15,Mv = z and so z = Mv = Sv.
Thus, v is a coincidence point of M and S. Since M and S are compatible maps of type (A),
we have MSv = SMv. Thus, Sz = Mz.
By taking x = x,, and y =z witha =0 in (iv), we get
Frxgymz (KO =Min {Fay, 1, (6), Fszmz (0, Fsyix,, (O,
Faxyymz (D) Fax, sz(O}.

Taking n —oo, and using equation (2.1), we get
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Fomz (KY) = Min {F, , (1), Fuz 2 (D), Fuz . (O Fymz (O, Fomz (D},
= Fymz (1)
Therefore, by Theorem 1.15,Mz = zand so z=Az =Lz =Mz = Sz.
I.e. z is a common fixed point of four maps.
Case Il. When L is continuous, L?),,— Lz and LAx,,— Lz. Also L and A are
compatible maps of type (A), we have ALx,,— Lz.
Taking X = Lx,, and y = X,,,With o =0 in (iv), we get
FiLxgn Mxgn 1 KD = MIin{Fary, 1ixy, (0 Fsxyn g Mxgysq (O
Fsxpnsntixgn (O Farxon Mxanis (O Farxg, sxansy O
Taking n —oo, we get
Frazz(Kt) = Min {Fy, 1, (0), Fy 2 (O, Fprz (0,F 12,2 (0, Frp 2 (O}
=Fr.2 (D).
Therefore, by Theorem 1.15,Lz = z.
Similarly, we get Mz= Sz =z.
By the hypothesis of the theorem M(K ) € A(K ), there exists w €K such that
z=Mz=Aw. Taking X =w, Y = X,,,1With o = 0 in (iv), we get
Frw Mxgnyq KO =Min {Fay 1w (0, Fsxy, 41 Mxgn1q (O
Fsxonriw O Faw Mgy 1 O Faw sxyp 44 (OF-
Taking n —o0, we get
Frw, (kD= Min {F, 1, (0, F, , (O, Fy 1w (0, Fr. (0, F, (D},
=F 1w (D).
Therefore, by Theorem 1.15,Lw = z = Aw, and since L and A are compatible maps of type
(A), we get Lz = Az. Therefore, Az =Sz = Lz = Mz = z and hence z is a common fixed
point of four maps.
For uniqueness, let z;(z; # z) be another common fixed point of the given self-maps. Then
z1= Az,= Lz;=Mz;= Sz;.
By taking x =z and y = z;with a = 0 in (iv), we get
Framz, (KE) > Min {Fy, 1, (), Fszy Mz, (O, Fszy 12 (D,

TAZ,le (t)’j:AZ,SZ]_ (t)}v
that is,
“F'Z,Zl (kt) 2 Mln {:T'Z,Zl (t)' :7:'Z,Z (t)' ‘7:'21,21 (t)’g:'Z,Zl (t)' :7:'21,2 (t)}
which gives
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F, 2, (k) 2F, 5. (V). Therefore, by Theorem 1.15 z; = z.

21

Hence, z is a unique common fixed point of self-maps A, S, L and M.

This completes the proof.
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